Abstract We calculate the area of the smallest triangle and the area of the smallest virtual triangle for many known lattice surfaces. We show that our list of the lattice surfaces for which the area of the smallest virtual triangle greater than 1 20 is complete. In particular, this means that there are no new lattice surfaces for which the area of the smallest virtual triangle is greater than .05. Our method follows an algorithm described by Smillie and Weiss and improves on it in certain respects.
(1) The flat torus. (2) Eigenforms in H(2) [12, 4] . (3) Surfaces in the Prym eigenform loci of genus 3 and 4 [13] . (4) The Bouw-Möller family [3] , which includes the examples found by Veech and Ward. (5) Isolated examples found by Vorobets [18] , Kenyon-Smillie [7] . (6) Lattice surfaces formed by covering construction of the above.
There are two new infinite families of lattice surfaces in the forthcoming works of McMullenMukamel-Wright and Eskin-McMullen-Mukamel-Wright.
Smillie and Weiss [14] showed that lattice surfaces are the translation surfaces whose GL(2, R) orbits in their strata are closed. These closed GL(2, R)-orbits are called Teichmüller curves. According to [5] , all GL(2, R)-orbit closures in the strata are affine submanifolds. Teichmüller curves are the orbit closures of the lowest possible dimension.
McMullen [12] classified all the genus 2 lattice surfaces. Kenyon-Smillie [7] , Bainbridge-Möller [2] , Bainbridge-Habegger-Möller [1] , Matheus-Wright [11] , Lanneau-Nguyen-Wright [9] and others established finiteness results of Teichmüller curves in different settings. The forthcoming work of Eskin-Filip-Wright established finiteness result that are in a sense optimal.
Besides studying the finiteness of Teichmüller curves in given strata, another way to study lattice surfaces is to enumerate them through the minimal area of an embedded triangle formed by saddle connections, which characterizes the complexity of the surface in some sense. For example, a natural way to characterize the complexity of a square-tiled surface is the number of squares needed to construct this surface. If a surface M is tiled by N squares, the minimal area of an embedded triangle formed by saddle connections must be at least 1 2N of the total area. Vorobets [18] , Smillie and Weiss [15] established the existence of a lower bound of the area of such triangle for lattice surfaces. Hence, for a lattice surface M , we define the minimal area of triangle Area T (M ) = inf{Area ∆ }/Area(M ), where inf{Area ∆ } is the minimal area of embedded triangles formed by saddle connections, and Area(M ) is the total area of the surface.
Furthermore, Smillie and Weiss [15] showed that given > 0, any flat surface with Area T > or lies on one of finitely many Teichmüller curves. From this, they developed an algorithm to find all lattice surfaces and list them in order of complexity. A related notion introduced in [15] is the minimal area of a virtual triangle, defined as Area V T (M ) = 1 2 inf l,l ||l × l ||/Area(M ), where l and l are holonomies of non-parallel saddle connections, and Area(M ) is the total area of the surface. Smillie and Weiss [15] gave the first lattice surfaces obtained by their algorithm, Samuel Leliévre found further examples and showed that it is interesting to plot Area T against Area V T . Yumin Zhong [21] showed that the double regular pentagon has the smallest Area T among non-arithmetic lattice surfaces.
In this paper, we calculate the quantities Area T and Area V T of all published primitive lattice surfaces except those in the Prym eigenform loci of H(6). We also provide a list of the Veech surfaces with Area V T > 0.05.
In section 3, we calculate all the lattice surfaces with Area V T > 0.05 using the method outlined in [15] with some improvements which we describe there. This method will eventually produce all (3, 4) lattice surfaces in theory, but the amount of computation may grow very fast as the bound on Area V T decreases. We show that the published list of lattice surfaces is complete up to Area V T > 0.05. More specifically, we show the following:
The following is a complete list of lattice surfaces for which Area V T (M ) > 0.05:
(1) Square-tiled surfaces having less than 10 squares. Together with the calculation on square-tiled surfaces done by Delecroix, the numbers of surfaces for each given Area V T > 0.05 are calculated and summarized in Table 1 .
In Section 2, we calculate the Area T and Area V T of lattice surfaces in H(2), in the Prym loci of H(4), in the Bouw-Möller family, as well as in the isolated Teichmüller curves discovered by Vorobets [18] and Kenyon-Smillie [7] . Figures 1-4 show the Area T and Area V T of these lattice surfaces.
These results are summarized in the following theorems: Theorem 2. Let M be a lattice surface in H(2) with discriminant D. Then it holds:
-If D is a square,
-If D is not a square, let e D be the largest integer satisfying e D ≡ D mod 2 and e D < √ D, then -If D is a square, -If D is even,
-If D is odd,
-If D is not a square, denote by e D the largest integer satisfying e D 2 ≡ D mod 8 and -If M is a regular n-gon where n is even, 
Fig. 4:
The pattern is related to the fractional part of the sequence √ n.
-If M is a double n-gon where n is odd,
-When m and n are both odd,
A .
-When m is odd, n is even, or n is odd, m is even,
2A .
-When m and n both even,
The formulas in Theorem 1.4 are derived by the eigenfunctions of grid graphs in [6] .
Theorem 5. The three lattice surfaces in [18] and [7] have the following Area T and Area V T :
-The lattice surface obtained from the triangle with angles (π/4, π/3, 5π/12) has
The lattice surface obtained from the triangle with angles (2π/9, π/3, 4π/9) has Area T ≈ 0.0259951, Area V T ≈ 0.0169671. -The lattice surface obtained from the triangle with angles (π/5, π/3, 7π/15) has Area T = Area V T ≈ 0.014189.
The values of Area T and Area V T in Theorem 1.5 are calculated from the eigenvectors corresponding to the leading eigenvalues of graphs E 6 , E 7 and E 8 .
Calculation of Area T and Area V T
We begin by proving Theorem 1.2.
Proof of Theorem 1.2. Veech surfaces in the stratum H(2) have been described completely by Calta [4] and McMullen [12] . Each of them is associated with an order with a discriminant D ∈ Z, D > 4, D ≡ 0 or 1 mod 4. There are two Teichmüller curves in H(2) with discriminant D when D ≡ 1 mod 8. There is only one Teichmüller curve in H(2) with discriminant D otherwise.
When D is a square, the lattice surfaces in H(2) with discriminant D are square-tiled surfaces, so
, and
On the other hand, Corollary A2 in [12] , which gives a description of a pair of cylinder decompositions of such surfaces, shows that
Now we consider the case when D is not a square. Consider an embedded triangle on this lattice surface formed by saddle connections. The Veech Dichotomy [17] says that the geodesic flow on a lattice surface is either minimal or completely periodic. Hence, any edge of this triangle must lie on a direction where M can be decomposed into 2 cylinders M = E 1 ∪ E 2 , as shown in Figure 5 , where the periodic direction is drawn to be the horizontal direction.
Proposition 6. Given a 2-cylinder splitting, denote the circumferences and heights of the two cylinders as c 1 , c 2 and h 1 , h 2 , and choose the labels such that c 1 < c 2 . Then, Area T = min are the areas of the red and blue triangles respectively.
Given any embedded triangle formed by saddle connections, split the surface in the direction of one of the sides of this triangle, denoted as a. Choose a as the base, then the height of the triangle with regard to a can not be smaller than the height of the cylinder(s) bordering a. Hence, if the splitting is as shown in Figure 6 , the area of this triangle can not be smaller than the minimum of the areas of the green, blue, red and purple triangles. The area of the purple triangle is strictly larger than the blue triangle because it has the same height and a longer base. Furthermore, after a re-splitting of the surface along the yellow line, the part to the right of the yellow line and the part to the left of the yellow line form two cylinders E 1 and E 2 . We can see that the area of the green triangle would be half of the area of E 2 , in other words, the green triangle has area According to Theorem 3.3 of [12] , after a GL(2, R) action, we can make any splitting into one of the finitely many prototypes. Each of these prototypes corresponds to an integer tuple (a, b, c, e), and is illustrated in Figure 7 . Here
Define the number e D as the greatest integer that is both smaller than 
4
, −e D are prototypes of lattice surfaces that are not affinely equivalent, according to Theorem 5.3 in [12] . The areas of red triangles corresponding to these two prototypes dividing by the total area of these surfaces are both
, hence surfaces belonging to both components in E D ∩ H(2) have the
Now consider Area V T . Split the surface in the direction of one of the saddle connections as in Figure 5 , then the other saddle connection has to cross through either E 1 or E 2 . So, the length of their cross product has to be larger than min{c 1 
On the other hand, c 1 h 2 , h 2 (c 2 − c 2 ), and a 1 b 1 are twice the areas of the blue, green, and red triangles respectively, so
The second minimum goes through all 2-cylinder splittings, or equivalently, all splitting prototypes. Hence,
On the other hand, the prototype (a, b, c, e) = 0, 1,
, −e D satisfies
Therefore, when D ≡ 1 mod 8, 
Hence, both components have the same Area V T . In conclusion,
The proofs of Theorem 1.3-1.5 are similar. For Theorem 1.3 the necessary prototypes of cylinder decompositions are described in section 4 of [8] . There are only 3 types of cylinder configurations, but the Dehn twist vectors can be different, and they are parametrized by a 5-tuple (w, h, t, e, ) ∈ Z 5 . For Theorem 1.4, the prototypes are described in [6] by (m − 1) × (n − 1) grid graphs and proved by [19] , and there are only 2 of them corresponding to the horizontal and vertical cylinders in the pair of cylinder decompositions defined by the grid graph. For Theorem 1.5, in either of the 3 cases, the only possible pair of cylinder decompositions has been described in [10] by one of the three graphs E 6 , E 7 or E 8 .
Enumeration of lattice surfaces with Area V T > 0.05
Now we prove Theorem 1.1 using the algorithm in [15] , which provides a way to list all lattice surfaces and calculate their Veech groups. The algorithm is based on analyzing all Thurston-Veech structures consisting of less than a given number of rectangles.
Let M be a lattice surface. After an affine transformation, we can let the two saddle connections that form the smallest virtual triangle be in the horizontal and the vertical directions without loss of generality. The Thurston-Veech construction [16] gives a decomposition of M into rectangles using horizontal and vertical saddle connections. The surface M is, up to scaling, completely determined by the configuration of those rectangles as well as the ratios of moduli of horizontal and vertical cylinders. Hence, we can find all lattice surfaces with given Area V T by analyzing all possible Thurston-Veech structures.
Smillie and Weiss presented their algorithm in the following way:
1. Fix > 0, find all possible pairs of cylinder decompositions with less than 1 2 rectangles (there are finitely many such pairs), calculate their intersection matrices and decide the position of cone points. 2. For any number k, find all possible Dehn twist vectors for a k-cylinder decomposition. 3. Use the result from Step (1) and (2) to determine the shape of all possible flat surfaces, and rule out most of them with criteria based on [15] , which we will state explicitly later.
4. Rule out the remaining surfaces by explicitly finding pairs of saddle connections with holonomy vectors l, l such that ||l×l || 2Area(M ) < .
In step (2) and (3), we made some modification to improve the efficiency, which we will describe below. Now we describe these steps in greater detail.
Step 1: Choose = 0.05, find all possible pairs of cylinder decompositions with less than A pair of cylinder decompositions partition the surface into finitely many rectangles. Let r be the permutation of those rectangles that send each rectangle to the one to its right, and r be the permutation that send each rectangle to the one below, then the cylinder intersection pattern can be described by these two permutations. According to [15] , if M is a lattice surface with Area V T = , the pair of cylinder decomposition described as above have to decompose the surface into fewer than 1 2 rectangles. Therefore, in this step, we only need to find all transitive pairs of permutations of 9 or less elements up to conjugacy. Furthermore, we do not need to consider those pairs that correspond to a surface of genus 2 or lower, because lattice surfaces of genus 2 or lower have already been fully classified. We also disregard those with one-cylinder decomposition in either the horizontal or vertical direction, because in either case the surface is square-tiled. In order to speed up the conjugacy check of pairs of permutations, we firstly computed the conjugacy classes of all permutations of less than 10 elements and put them in a look-up table. Then, whenever we need to check if r 1 , r 1 and r 2 , r 2 are conjugate, we can first check if r 1 and r 1 , as well as r 2 and r 2 , belong to the same conjugacy classes.
Next, we calculate the following data for these cylinder decomposition: (1) the intersection matrix A; (2) three matrices V, H, D, with entries either 0 or 1, defined as follows:
-V (i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical cylinder, and in their intersection there is at least one rectangle such that its upper-left and lower-left corners, or upper-right and lower-right corners are cone points; -H(i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical cylinder, and in their intersection there is at least one rectangle such that its upper-left and upper-right corners, or lower-left and lower-right corners are both cone points; -D(i, j) = 1 iff the i-th horizontal cylinder intersects with the j-th vertical cylinder, and in their intersection there is at least one rectangle such that its lower-right one and the upper-left corners are both cone points.
The matrices V, H, D will be used in the criteria in step 3. To decide whether or not the lower-right corner of the i-th rectangle is a cone point, we calculate r r(i) and rr (i) and check if they are different.
Step 2: For any number k, find all possible Dehn twist vectors for a k-cylinder decomposition.
Equation (9) in the proof of Proposition 3.6 of [15] shows that, if the ratio between the i-th and the j-th entries of a Dehn twist vector is p/q, where p, q are natural numbers and gcd(p, q) = 1, then pq ≤ A i A j /β 2 , where β is an upper bound of Area V T , and A i is the area of the i-th cylinder divided by the total area. On the other hand, by Cauchy-Schwarz inequality, i =j
Hence, we have:
The vector (n 1 , . . . , n k ) cannot be a Dehn twist vector for a surface with
Step 3: Determine the shape of possible surfaces, rule out most of those with area of virtual triangle smaller than = 0.05.
For each tuple (A, V, H, D) obtained in step 1, and each Dehn twist vector obtained in step 2, we can calculate the widths and circumferences of cylinders by finding Peron-Frobenious eigenvector as in [16] . Then, we normalize the total area to 1 and check them against the following criteria:
1. Let w i and w j be the widths of the i-th and j-th cylinder in the horizontal and the vertical directions, then w i w j > 1/10. This follows from the proof of Proposition 5.1 in [15] . 2. Let c i and c j be the circumference of the i-th and j-th cylinder in the horizontal and vertical direction respectively. If the ratio between the modulus of the i-th horizontal cylinder and the i -th horizontal cylinder is p/q, where p, q are coprime integers, then c i w i /q > 1/10. This follows from the proof of Proposition 3.5. 3. With the same notation as above, if there are two cone points on the boundary of i-th horizontal cylinder with distance w j , and w j is not k 0 c i /q for some integer k 0 , then for any integer k, max(|w j − kc j /q|, (c i /q − |w j − kc i /q|)/2)w i > 1/10. This is due to an argument similar to the proof of Proposition 3.5 as follows: after a suitable parabolic affine action we can assume that there is a vertical saddle connection crossing the i -th cylinder. Let the holonomy vectors of two saddle connections crossing the i-th cylinder from a same cone point to those two cone points be (x + nc i , w i ) and (x + w j + n c i , w i ), where n, n ∈ Z. Do a parabolic affine action on the surface that is a Dehn twist on the i -th cylinder, then their holonomy vectors will become (x + rc i /q + nc i , w i ) and (x + w j + rc i /q + n c j , w i ), where gcd(r, q) = 1. Repeatedly doing such affine actions, we can see that the absolute value of horizontal coordinate of the holonomy vector of at least one saddle connection we get is nonzero and no larger than max(|w j − kc j /q|, (c i /q − |w j − kc i /q|)/2). 4. Criteria (2) and Criteria (3) applies to vertical, instead of horizontal cylinders. 5. The cross product of the holonomy vectors of diagonal saddle connections from the upper-left corner to the lower-right corner must be either 0 or larger than 1/10.
In our calculation, we used an optimization which rules out some Dehn twist vectors before the calculation of Peron-Frobenious eigenvector. Firstly, in Step 1, we label the cylinders by the number of rectangles they contain in decreasing order. Then, when we generate Dehn twist vectors, we calculate the product of the last two entries. Now the last two horizontal or vertical cylinders always have the least number of rectangles, and the sum of their areas is less than (1 − c/10) of the total area, where c is the number of rectangles not in these two cylinders. Hence, we can bound the product of their areas which in turn gives an upper bound on the product of the last two elements of the Dehn twist vector. We used the C++ linear algebra library Eigen, and the first 3 steps were done in a few hours.
If a 4-tuple (A, V, H, D) and a pair of Dehn twist vectors pass through all the above-mentioned tests, they are printed out together with the eigenvector (w i ). Below is a sample of the output of this step: Each 4-tuple (A, V, H, D) is followed by pairs of Dehn twist vectors n, n in the horizontal and vertical directions respectively, and a vector of widths w. This section of the output described 8 combinations of (A, V, H, D) and Dehn twist vectors, only the second one will result in a nonarithmetic surface, while other line all correspond to square-tiled cases, which we verified through integer arithmetic.
After collecting all tuples (A, V, H, D) that may generate non-arithmetic surfaces that pass the test in this step, we can use the same algorithm in step 1 to find all pairs of permutations corresponding to these tuples, hence completely decide the shape of surfaces we need to check in the 4) , (1, 4) . Dots are cone points. The holonomies of the two red saddle connections depicted have a cross product less than 1/10 of the surface area.
next step.
Step 4: After the previous 3 steps, we can show that any lattice surface with area of the smallest virtual triangle larger than 1/20 is either of genus 2, or GL(2, R)-equivalent to one of the 50 remaining cases. Two of them are the Prym eigenform of discriminant 8 in genus 3. By finding saddle connections on the remaining 48 surfaces by hand, we showed that none of them has Area V T greater than 1/20.
An example of one of the 48 surfaces is shown in Figure 8 .
Below is the list of all the 48 surfaces we checked by hand, none has Area V T > 1/20. All surfaces are represented by a pair of permutations (written in cycle notation, the i-th cycle is the i-th (horizontal or vertical) cylinder) and two Dehn twist vectors. 
